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Abstract
We study in this paper the extent to which one can detect fusion in
certain finite groups Γ from information about the universal deformation
rings R(Γ, V ) of absolutely irreducible FpΓ-modules V . The Γ we consider
are extensions of either abelian or dihedral groups G of order prime to p
by an elementary abelian p-group of rank 2.
1 Introduction
This paper has to do with determining information about the internal struc-
ture of a finite group Γ from the knowledge of the universal deformation rings
R(Γ, V ) associated to absolutely irreducible FpΓ-modules V . The kind of inter-
nal structure we will consider is the fusion of certain subgroups N in Γ. A pair
of elements of N are said to be fused in Γ if they are conjugate in Γ, but not
in N . By determining the fusion of N in Γ, we mean listing all such pairs. The
universal deformation ring R(Γ, V ) is characterized by the property that the
isomorphism class of every lift of V over a complete local commutative Noethe-
rian ring R with residue field Fp arises from a unique local ring homomorphism
α : R(Γ, V )→ R. Our main goal is thus to determine how to transfer informa-
tion about the universal deformation rings to information about the structure of
groups. It is natural to expect a connection with fusion because fusion plays a
key role in the character theory of Γ, which in turn enters into finding universal
deformation rings of representations.
In this paper, we consider Γ which are extensions of a group G whose order
is relatively prime to p by an elementary abelian p-group N of rank 2. We can
now state our main result:
Theorem 1.1. Let G be a dihedral group of order 2n ≥ 6 and let p be an
odd prime such that p ≡ 1 mod n. Fix an irreducible action of G on N =
Z/pZ× Z/pZ, and let Γ be the resulting semi-direct product of G with N .
a. If the center of G acts trivially on N , then one can determine the fusion
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of N in Γ from the absolutely irreducible FpΓ-modules V of dimension 2
over Fp which have universal deformation ring R(Γ, V ) different from Zp.
b. If the center of G acts non-trivially on N , then n is even and R(Γ, V ) ∼= Zp
for all absolutely irreducible FpΓ-modules V of dimension 2 over Fp. In
this case, one can determine the fusion of N in Γ if and only if n is either
a power of 2, or n = 2q, for some odd prime q.
In section 4.6 we prove a weaker result when G is abelian. In the course of
proving Theorem 1.1, we must calculate Hi(Γ,Hom Fp(V, V )), for i = 1, 2, since
these enter into the computation of R(Γ, V ).
The paper is organized as follows. In section 2, we recall the definitions of
deformations and deformation rings, including some basic results. In section
3, we concentrate on the case when Γ is an extension of a finite group G by
an elementary abelian p-group of rank ℓ ≥ 2. We give an explicit formula for
the cohomology groups Hi(Γ,Hom Fp(V, V )) for i = 1, 2 for all projective FpG-
modules V which are viewed as FpΓ-modules by inflation (see Theorem 3.1).
In section 4, we prove our main results, Theorems 4.2 and 4.3, on the connec-
tion between fusion and universal deformation rings, respectively cohomology
groups, in the case when G is a dihedral group. In section 4.6, we briefly discuss
the case when G is abelian and compare this case to the dihedral one.
This paper is part of my dissertation at the University of Iowa under the
supervision of Professor Frauke Bleher [5]. I would like to thank her for all of
her advice and guidance.
2 Preliminaries
In this section, we give a brief introduction to universal deformation rings and
deformations. For more background material, we refer the reader to [4] and [3].
Let p be an odd prime, Fp be the field with p elements, and Zp denote the
ring of p-adic integers. Let Cˆ be the category of all complete local commuta-
tive Noetherian rings with residue field Fp. Note that all rings in Cˆ have a
natural Zp-algebra structure. The morphisms in Cˆ are continuous Zp-algebra
homomorphisms that induce the identity map on Fp.
Suppose Γ is a finite group and V is a finitely generated FpΓ-module. A
lift of V over an object R in Cˆ is a pair (M,φ) where M is a finitely generated
RΓ-module that is free over R, and φ : Fp ⊗R M → V is an isomorphism of
FpΓ-modules. Two lifts (M,φ) and (M
′, φ′) of V over R are isomorphic if there
is an isomorphism α :M →M ′ with φ = φ′ ◦ (idFp ⊗α). The isomorphism class
[M,φ] of a lift (M,φ) of V over R is called a deformation of V over R, and the
set of such deformations is denoted by DefΓ(V,R). The deformation functor
FˆV : Cˆ → Sets
sends an object R in Cˆ to DefΓ(V,R) and a morphism f : R → R
′ in Cˆ to
the map DefΓ(V,R)→ DefΓ(V,R
′) defined by [M,φ] 7→ [R′ ⊗R,f M,φ
′], where
φ′ = φ after identifying Fp ⊗R′ (R
′ ⊗R,f M) with Fp ⊗RM .
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If there exists an object R(Γ, V ) in Cˆ and a deformation [U(Γ, V ), φU ] of V
over R(Γ, V ) such that for each R in Cˆ and for each lift (M,φ) of V over R there
is a unique morphism α : R(Γ, V ) → R in Cˆ such that FˆV (α)([U(Γ, V ), φU ]) =
[M,φ], then we callR(Γ, V ) the universal deformation ring of V and [U(Γ, V ), φU ]
the universal deformation of V . In other words, R(Γ, V ) represents the functor
FˆV in the sense that FˆV is naturally isomorphic to HomCˆ(R(Γ, V ),−). In the
case when the morphism α : R(Γ, V ) → R relative to the lift (M,φ) of V over
R is only known to be unique if R is the ring of dual numbers over Fp but may
be not unique for other R, R(Γ, V ) is called the versal deformation ring of V
and [U(Γ, V ), φU ] is called the versal deformation of V .
By [4], every finitely generated kΓ-module V has a versal deformation ring
R(Γ, V ). Moreover, if V is an absolutely irreducible FpΓ-module, then R(Γ, V )
is universal.
The following result shows the connection between R(Γ, V ) and certain first
and second cohomology groups of Γ that are related to V .
Theorem 2.1. ([4, §1.6], [2, Thm. 2.4]) Suppose V is an absolutely irreducible
FpΓ-module, and let d
i
V = dimFpH
i(Γ,HomFp(V, V )) for i = 1, 2. Then R(Γ, V )
is isomorphic to a quotient algebra Zp[[t1, . . . , tr]]/J where r = d
1
V and d
2
V is an
upper bound on the minimal number of generators of J .
3 Cohomology
Let p be an odd prime, and consider a short exact sequence of groups
0→ N → Γ→ G ∼= Γ/N → 1
where N is an elementary abelian p-group of rank ℓ ≥ 2 and G is a finite group.
We identify G with Γ/N in the following. Note that the action of G = Γ/N onN
corresponds to an Fp-representation of G denoted by φ. Let V be a projective
FpG-module, and view V also as an FpΓ-module by inflation. Let φ˜ be the
contragredient of φ (i.e. φ˜ is the dual representation of φ). Let Vφ˜ (resp. Vφ˜∧φ˜)
denote the FpΓ-module associated to φ˜ (resp. φ˜∧ φ˜). If X is a Γ/N -module, let
XΓ/N denote the fixed points of the action of Γ/N . Let ⊗ stand for the tensor
product over Fp. We prove the following result.
Theorem 3.1. Using the above notation,
H2(Γ,HomFp(V, V ))
∼= [(Vφ˜ ⊗ V
∗ ⊗ V )⊕ (Vφ˜∧φ˜ ⊗ V
∗ ⊗ V )]Γ/N .
If N is elementary abelian of rank two, the representation φ˜ ∧ φ˜ is the one-
dimensional representation det ◦ (φ˜).
In the case when FpG is semisimple, this result will provide a way of using
character theory to compute the first and second cohomology groups of Γ with
coefficients in HomFp(V, V ). To prove Theorem 3.1 we need the following result.
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Proposition 3.2. Let A be a projective FpG-module. Then for all i ≥ 1,
A⊗Hi(N,Fp) ∼= H
i(N,A)
as FpG-modules, and
Hi(Γ, A) ∼= H0(Γ/N,Hi(N,A)) ∼= [Hi(N,A)]G.
Proof. Let i ≥ 1. We first show that Hi(N,A) ∼= A⊗Hi(N,Fp) as FpG-modules,
where we identify G with Γ/N as before. Let Zi(N,A) denote the space of
i-cocycles of N with coefficients in A, and let Bi(N,A) denote the space of i-
coboundaries of N with coefficients in A. Let {ej} be an Fp-basis for A. Recall,
N acts trivially on A.
Consider the maps
Φ : A⊗Zi(N,Fp)→ Z
i(N,A), a⊗c
Φ
−→ ∆c,a, for all (a, c) in A×Z
i(N,Fp)
Ψ : Zi(N,A)→ A⊗Zi(N,Fp), d
Ψ
−→
∑
j
ej ⊗ (ej
∗ ◦ d), for all d in Zi(N,A)
where ∆c,a(n1, n2, ..., ni) = c(n1, n2, ..., ni)a and ej
∗ is the dual basis element
to ej. Then Ψ and Φ are FpG-module homomorphisms that are inverses of each
other which restrict to isomorphisms between Bi(N,A), and A ⊗ Bi(N,Fp).
Thus, Hi(N,A) ∼=
A⊗ Zi(N,Fp)
A⊗Bi(N,Fp)
as FpG-modules.
Tensoring the short exact sequence of FpG-modules
0→ Bi(N,Fp)→ Z
i(N,Fp)→ H
i(N,Fp)→ 0
with A over Fp, we obtain A ⊗ H
i(N,Fp) ∼=
A⊗ Zi(N,Fp)
A⊗Bi(N,Fp)
as FpG-modules.
Therefore, A ⊗ Hi(N,Fp) ∼= H
i(N,A) as FpG-modules, which implies that, in
particular, Hi(N,A) is a projective FpG-module.
Next, consider the Lyndon-Hochschild-Serre spectral sequence
Hp0(Γ/N,Hq0(N,A))⇒ Hp0+q0(Γ, A).
Since Hq0 (N,A) is a projective FpG-module for all q0 ≥ 1 by the above ar-
gument, and since H0(N,A) ∼= AN ∼= A which is also projective, the terms
corresponding to (p0, q0) = (1, i− 1), (2, i− 2), ..., (i, 0) vanish for i=p0+ q0 ≥ 1.
Therefore, Hi(Γ, A) ∼= H0(Γ/N,Hi(N,A)).
We are now ready to show the main result of the section.
Proof of Theorem 3.1. Recall that V is assumed to be a projective FpG-module,
where we identify G with Γ/N . By Proposition 3.2, H2(N,HomFp(V, V ))
∼=
HomFp(V, V )⊗H
2(N,Fp) as FpΓ/N -modules.
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Consider the Kummer sequence 1 → µp
ι
−→ C∗
p
−→ C∗ → 1, where C∗
p
−→ C∗
denotes the map given by z
p
−→ zp. We consider this sequence as a sequence of
ZN -modules with trivial N -action.
Applying the functor HomZN (Z,−) we obtain the long exact sequence
...
δ
−→ H1(N,µp)
ι∗−→ H1(N,C∗)
p∗
−→ H1(N,C∗)
δ
−→ H2(N,µp)
ι∗−→
H2(N,C∗)
p∗
−→ H2(N,C∗)
δ
−→ H3(N,µp)
ι∗−→...
Since N is elementary abelian, Hi(N,C∗)
p∗
−→ Hi(N,C∗) is trivial, for i ≥ 1.
Identifying Fp = µp, we get a short exact sequence of FpΓ/N -modules
0→ H1(N,C∗)
δ
−→ H2(N,Fp)
ι∗−→ H2(N,C∗)→ 0.
Applying the functor HomFp(V, V ) ⊗ − , and taking fixed points, we obtain,
using Proposition 3.2,
H2(Γ,HomFp(V, V ))
∼= [(H1(N,C∗)⊗HomFp(V, V ))]
Γ/N⊕[H2(N,C∗)⊗HomFp(V, V )]
Γ/N .
Therefore, Theorem 3.1 follows once we show that H1(N,C∗) ∼= Vφ˜ and H
2(N,C∗) ∼=
Vφ˜∧φ˜ as FpΓ/N - modules.
SinceN is an elementary abelian p-group which acts trivially onC∗,H1(N,C∗) =
Hom(N,C∗) ∼= HomFp(N,Fp) as FpG-modules, which implies H
1(N,C∗) ∼= Vφ˜.
It remains to determine the Γ/N -module structure of H2(N,C∗). Our result fol-
lows after a quick computation, using that H2(N,C∗) ∼= N ∧N . This completes
the proof of Theorem 3.1.
As a consequence of the proof of Theorem 3.1 we obtain the following result.
Corollary 3.3. Under the general hypothesis of Theorem 3.1, we obtain:
a. H1(Γ,HomFp(V, V ))
∼= (Vφ˜ ⊗ V
∗ ⊗ V )Γ/N .
b. H1(Γ,HomFp(V, V )) is a summand of H
2(Γ,HomFp(V, V )).
c. dimFp(H
1(Γ,HomFp(V, V ))) ≤ dimFp(H
2(Γ,HomFp(V, V ))).
For the remainder of the paper, we consider the special case
0→ N → Γ→ G = Γ/N → 1
where FpG is semisimple, Fp is sufficiently large for G, and V is an irreducible
FpG-module. As before, let φ denote the action of G on N .
Corollary 3.4. Assume the notation of the previous paragraph, and let φ be
irreducible. Suppose there exists an absolutely irreducible FpΓ-module V0 with
universal deformation ring R(Γ, V0) ≇ Zp. Then, the restriction of φ to the
center of G is trivial.
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Proof. Let V0 be as in the statement of the corollary. By Theorem 2.1,
R(Γ, V0) ∼= Zp[[t1, . . . , tr]]/J
where r = d1V0 , and d
2
V0
is an upper bound on the minimal number of generators
for J . Since V0 is a projective FpG-module, it has a lift over Zp. Because
R(Γ, V0) ≇ Zp, it follows that d
1
V0
≥ 1. We now use Corollary 3.3 for V = V0.
Since we assume FpG is semisimple, the Fp-dimension of the G-fixed points
of any FpG-module is the multiplicity of the trivial simple FpG-module as a
summand. Recall that we identify G = Γ/N . By Corollary 3.3, d1V0 ≥ 1 implies
that Vφ occurs as a summand of the module V
∗
0 ⊗V0 with the adjoint G-action.
Since V0 is absolutely irreducible, the action of an element z ∈ Z(G) on V
∗
0 ⊗V0
is given by conjugation with a scalar matrix. Hence z acts trivially on Vφ.
Our main goal is to relate the universal deformation rings R(Γ, V ) and the
cohomology groups Hi(Γ,HomFp(V, V )) for i = 1,2, to the fusion of N in Γ.
We need the following definitions.
Definition 3.5. Let N,Γ, G, φ be as above.
a. For every irreducible FpG-module V , let d
i
V = dimFp(H
i(Γ,HomFp(V, V ))
for i=1,2. Note that this number depends on φ. We say an irreducible
FpG-module V0 is cohomologically maximal for φ if d
2
V0
is maximal among
all d2V . We say an irreducible representation ρ of G over Fp is cohomolog-
ically maximal for φ if ρ corresponds to an FpG-module with this property.
b. We call the orbits of the action φ of G on N the fusion orbits of φ. For
all m ≥ 1, let Fφ,m be the number of fusion orbits of φ with cardinality m.
Then, the sequence {Fφ,m}m≥1 is called the fusion numbers of φ.
Note that the fusion of N in Γ is uniquely determined by the fusion orbits
of φ, since two elements in N are conjugate in Γ if and only if they lie in the
same fusion orbit of φ.
4 Dihedral Groups
4.1 Main Results
In this section, we consider the case when ℓ = 2, n ≥ 3 and Γ/N = G is the
dihedral group D2n of order 2n. That is, we have a short exact sequence of
groups
0→ N → Γ→ G = Γ/N → 1
where G is dihedral and N is an elementary abelian p-group of rank two. More-
over, we assume FpG is semisimple and Fp is sufficiently large for G. Again, we
let φ denote the action of G on N ; and we assume φ is irreducible. Our main re-
sults, Theorems 4.2 and 4.3, show how the first and second cohomology groups,
respectively the universal deformation rings, associated to certain FpΓ-modules
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V , can detect the fusion of N in Γ, i.e. the fusion of φ. In particular, we will
prove Theorem 1.1.
Since N is a p-group, every irreducible FpΓ-module is inflated from an ir-
reducible FpG-module. Let Rep2(G) be a complete set of representatives of
isomorphism classes of all 2-dimensional representations of G over Fp. Let
Irr2(G) ⊂ Rep2(G) be the subset of isomorphism classes of irreducible 2-dimensional
representations. For ρ in Irr2(G), let Vρ be an irreducible FpG-module with rep-
resentation ρ.
We let n ≥ 3, and consider the standard presentation for G = D2n, given
by 〈r, s|rn, s2, srs−1r〉. Moreover, we assume p ≡ 1(mod n). Recall that all
isomorphism classes of 2-dimensional irreducible representations of G over Fp
are represented by:
r
θi−→
(
ωi 0
0 ω−i
)
s
θi−→
(
0 1
1 0
)
for 1 ≤ i < n2 , and ω a primitve nth root of unity in F
∗
p. Note that θi =
IndG〈r〉(χi), where χi is the one-dimensional representation of 〈r〉 with χi(r) = ω
i.
For our discussion on dihedral groups G, we fix the basis corresponding to the
matrices above.
Definition 4.1. Define the set map T : Irr2(G) → Rep2(G) by T (θi) =
T (IndG〈r〉(χi)) = Ind
G
〈r〉(χ
2
i ).
If n is odd, let Ω = Irr2(G) = T (Irr2(G)). If n is even, let Ω = Irr2(G) ∩
T (Irr2(G)). In the latter case, for all ψ in Ω, | T
−1(ψ) | = 2.
Note that Ω consists precisely of those representations in Irr2(G) whose re-
striction to the center of G is trivial.
Theorem 4.2. If φ ∈ Ω, then the fusion of φ is uniquely determined by the set
{ker(ρ) : ρ ∈ Irr2(G) is cohomologically maximal for φ} = {ker(ρ) : ρ ∈ Irr2(G)
with R(Γ, Vρ) ≇ Zp}.
Theorem 4.3. Let G = D2n. Let T and Ω be as above.
a. Let n be arbitrary and let φ be in Ω. Then, for any ψ in Irr2(G), ψ is
cohomologically maximal for φ if and only if T(ψ) = φ.
b. Let n be odd, φ1, φ2 ∈ Irr2(G) = Ω. Then φ1 and φ2 have the same fusion
if and only if T−1(φ1)and T
−1(φ2) have the same kernel.
c. Let n be even, φ1, φ2 ∈ Ω. Then φ1 and φ2 have the same fusion if and
only if {kernel of ψ : ψ ∈ T−1(φ1)} = {kernel of ψ : ψ ∈ T
−1(φ2)}.
Theorems 4.2 and 4.3 say that for φ in Ω, the fusion ofN in Γ can be detected
by the cohomology groups, respectively the universal deformation rings, in the
following sense. Given φ in Ω, we may determine the irreducible representations
ψ such that ψ is cohomologically maximal for φ. Additionally, this assignment
is reversible. That is, given a collection of irreducible representations that are
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cohomologically maximal for some φ in Ω, we may determine φ. Moreover, given
only the fusion of φ in Ω we can determine the kernels of the representations
that are cohomologically maximal for φ. Analagously, this assignment is again
reversible. In addition, since ψ is cohomologically maximal for φ in Ω if and only
if R(Γ, Vψ) ≇ Zp, the fusion of N in Γ can also be determined by the knowledge
of the universal deformation rings.
Thus, for φ in Ω we have the following one-to-one correspondences:
φ ! {ψ ∈ Irr2(G) : ψ is cohomologically maximal for φ}
φ ! {ψ ∈ Irr2(G) : R(Γ, Vψ) ≇ Zp}.
Fusion of φ ! {ker(ψ) : ψ ∈ Irr2(G) is cohomologically maximal for φ}
Fusion of φ ! {ker(ψ) : ψ ∈ Irr2(G) and R(Γ, Vψ) ≇ Zp}.
Theorem 1.1 says that even if φ is not in Ω, knowledge of all R(Γ, V ) may
still be enough to determine the fusion of N in Γ. For a generic choice of n,
however, Ω is precisely the set of isomorphism classes of representations for
which fusion may be determined. In subsections 4.2-4.5, we prove our main
results. In subsection 4.6, we briefly discuss the case when G = Γ/N is an
abelian group and compare this case to the dihedral case.
4.2 Cohomology for D2n
In this subsection we determine H2(Γ,HomFp(Vψ , Vψ)) for φ in Ω and ψ in
Irr2(G). We make the same assumptions as before. In particular, n ≥ 3 and p ≡
1(mod n), which means that FpG is semisimple and Fp is sufficiently large for G.
Recall, we have that T : Irr2(G) → Rep2(G) is given by T (θi) = T (Ind
G
〈r〉(χi))
= IndG〈r〉(χ
2
i ). Recall also that for n odd, T is a bijection from Irr2(G) to Irr2(G)
= Ω. For n even, Ω = Irr2(G)∩T (Irr2(G)) and T :→ Ω is a two to one set map.
Proposition 4.4. Let G = D2n. Let Ω and T be as above.
a. Let n be odd, and let φ be an element of Irr2(G) = Ω. Then, there exists
a unique ψ = T−1(φ) in Irr2(G) with d
2
Vψ
= 2. For all other V , d2V = 1.
So Vψ is cohomologically maximal for φ.
b. Let n be even, and let φ be an element of Ω. Then, there exist exactly two ψ
in Irr2(G) with d
2
Vψ
= 2. For all other V, d2V = 1. Thus, there are precisely
two ψ that are cohomologically maximal for φ. These representations are
exactly the elements of T−1({φ}).
The proposition follows from the following two lemmas.
Lemma 4.5. Let G = D2n, let 1 ≤ i <
n
2 , let V = Vθi , and let φ = T (θi).
Then,
V ∗ ⊗ V ∼= Fp ⊕ Vχ1 ⊕ Vφ,
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as FpG-modules, where Fp is the trivial simple FpG-module and χ1 is the sign
representation.
More precisely, identifying V ∗⊗V = HomFp(V, V ) =M2(Fp) with the adjoint
action of θi we obtain:
a. The Fp-span of
(
1 0
0 1
)
is isomorphic to the trivial simple FpG-module
Fp.
b. The Fp-span of
(
1 0
0 −1
)
is isomorphic to Vχ1 .
c. The Fp-span of f =
(
0 1
0 0
)
and g =
(
0 0
1 0
)
is isomorphic to Vφ˜ which
is isomorphic to Vφ.
Proof. The first two statements a. and b. are clear. Statement c. follows since
θi(r)fθi(r)
−1 = ω2if , θi(r)gθi(r)
−1 = ω−2ig, and θi(s)uθi(s)
−1 = v, for {u, v} =
{f, g}.
Lemma 4.6. Let G = D2n, 1 ≤ i, j <
n
2 , let V = Vθi , and φ = θj. Then,
d2V = d
1
V + 1 and
d1V =
{
0, if θj 6= T(θi)
1, if θj = T(θi).
Proof. Define T (V ) = VT (θi). By Lemma 4.5, we have V
∗⊗V ∼= Fp⊕Vχ1⊕T (V )
as FpG-modules. Note for any φ in Irr2(G), we have det ◦ (φ˜) = χ1. Since we
assume FpG is semisimple, the Fp-dimension of the G-fixed points of any FpG-
module is the multiplicity of the trivial simple FpG-module as a summand.
Recall that we identify G = Γ/N . By Theorem 3.1 and Corollary 3.3, we
have that H2(Γ,HomFp(V, V ))
∼= [(Vφ˜ ⊗ V
∗ ⊗ V ) ⊕ (Vdet◦(φ˜) ⊗ V
∗ ⊗ V )]G, and
H1(Γ,HomFp(V, V )) = (Vφ˜ ⊗ V
∗ ⊗ V )G. Hence, H2(Γ,HomFp(V, V ))
∼= [(Vφ˜ ⊗
(Fp⊕Vχ1⊕T (V ))]
G⊕ [(Vχ1⊗(Fp⊕Vχ1⊕T (V ))]
G ∼= [(Vφ˜⊗(Fp⊕Vχ1⊕T (V ))]
G⊕
[Vχ1 ⊕Fp⊕T (V )]
G ∼= [Vφ˜⊕Vφ˜⊕ (Vφ˜⊗T (V ))]
G⊕ [Vχ1 ⊕Fp⊕T (V )]
G. It is clear
that the trivial simple FpG-module appears as a summand of the second term
with multiplicity 1. Additionally, the trivial simple FpG-module is a summand
of the first term if and only if Vφ ∼= Vφ˜
∼= T (V ), i.e. φ = θj = T (θi).
Observe that we have shown that for all φ not in Ω, H2(Γ,HomFp(V, V )) is
one-dimensional for every two-dimensional irreducible FpG-module V . Hence,
in this case, every V in Irr2(G) is cohomologically maximal. By the argument
in Corollary 3.4, we moreover have that for all such V , R(Γ, V ) ∼= Zp. In the
following sections, we will show that when this happens, the fusion of N in Γ
cannot typically be detected by the knowledge of R(Γ, V ). For certain choices
of n, however, the situation is actually better. More precisely, if n is either a
power of 2, or n = 2q for some odd prime q, then the fusion of N in Γ can
always be determined by the knowledge of all R(Γ, V ).
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4.3 Universal Deformation Rings
In this subsection we determine the universal deformation ring R(Γ, V ) for ev-
ery 2-dimensional irreducible FpG-module V , which we view as an FpΓ-module
by inflation. We continue to assume that FpG is semisimple and Fp is suf-
ficiently large for G. We use a result from [1, Thm. 3.1] to show that if
H2(Γ,HomFp(V, V )) is two-dimensional, then R(Γ, V )
∼= Zp[[t]]/(t
2, pt). Re-
call, we have shown that for G = D2n, d
2
V = dimFp(H
2(Γ,HomFp(V, V ))) is
two-dimensional if and only if d1V = 1. Otherwise d
2
V = 1 and d
1
V = 0. In the
latter case, R(Γ, V ) is a quotient of Zp. Since any V has a lift to Zp, it follows
that in this case the universal deformation ring is Zp.
Proposition 4.7. Let G = D2n, let φ be in Ω, and let V be a 2-dimensional
irreducible FpG-module. Then,
R(Γ, V ) =
{
Zp if V is not cohomologically maximal for φ,
Zp[[t]]/(t
2, pt) if V is cohomologically maximal for φ.
Additionally, for any φ in Irr2(G), R(Γ, V ) ∼= Zp[[t]]/(t
2, pt) if and only if d2V
is equal to two. Thus, for φ not in Ω, R(Γ, V ) ∼= Zp.
Proof. By our comments before the statement of the proposition, we only need
to consider the case when d2V = 2. Following the proof of [1, Thm. 3.1], let W
= Zp and R =W [[t]]/(pt, t
2). Since d2V = 2, it follows from Lemmas 4.5 and 4.6
that Vφ is a summand of V
∗⊗V . Identifying N = Fp×Fp and using Lemma 4.5,
we obtain an injective group homomorphism ι : N → M2(Fp) ∼= M2(W/pW )
given by ι((n1, n2)) = n1f + n2g =
(
0 n1
n2 0
)
. Hence, we have a commutative
diagram
0 N Γ G 1
0 M2(W/pW ) GL2(R) GL2(W ) 1
ι ρR ρW
d
where d(X) = 1 + tX as in [1, Thm. 3.1]. We notice that all the arguments
in the proof of [1, Thm. 3.1] go through once we have proved that the image
under ι of the group N contains two elements which do not commute with each
other under multiplication in M2(W/pW ). Using the notation in Lemma 4.5,
we see that f · g 6= g · f . Thus, R(Γ, V ) ∼= Zp[t]/(t
2, pt).
4.4 Fusion for Dihedral Groups
In this subsection, we determine the fusion of φ ∈ Irr2(G), which uniquely
determines the fusion of N in Γ when the action of G = Γ/N on N is given by
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φ (see Definition 3.5).
Proposition 4.8. Let G = D2n, 1 ≤ i0 <
n
2 and φ = θi0 . Let (i0, n) denote the
greatest common divisor of i0 and n, and define k = n/(i0, n). Let ω ∈ F
∗
p be a
primitive n-th root of unity. Writing each element in N as
(
x
y
)
with respect
to the fixed basis for the representation θi0 , the fusion orbits are as follows:
1. Orb
(
0
0
)
=
{(
0
0
)}
.
2. For
(
x
y
)
∈ F∗p × F
∗
p, y/x ∈ 〈ω
i0〉, we have
Orb
(
x
y
)
=
{(
x
y
)
,
(
ωi0x
ω−i0y
)
,...,
(
ω(k−1)i0x
ω−(k−1)i0y
)}
.
3. For
(
x
y
)
not in 1. or 2., we have
Orb
(
x
y
)
=
{(
x
y
)
,
(
ωi0x
ω−i0y
)
,...,
(
ω(k−1)i0x
ω−(k−1)i0y
)
,
(
y
x
)
,...,
(
ω−(k−1)i0y
ω(k−1)i0x
)}
.
Proof. As before, G = 〈r, s | rn, s2, srs−1r〉. We have rj ·
(
x
y
)
=
(
x
y
)
if
and only if ωi0j · x = x and ω−i0j · y = y. Also, srj ·
(
x
y
)
=
(
x
y
)
if and
only if x = ω−i0j · y and y = ωi0j · x. Therefore, for all
(
x
y
)
6=
(
0
0
)
, the
intersection of the stabilizer of
(
x
y
)
with 〈r〉 is 〈rn/(i0,n)〉 = 〈rk〉. In fact, for(
x
y
)
as in 3., this is the full stabilizer. If
(
x
y
)
is as in 2., say y/x = ωi0j0 ,
then the full stabilizer is 〈rk, srj0 〉. This implies that the fusion orbits are as
stated in the proposition.
Corollary 4.9. With the same notation as in Proposition 4.8, the fusion of φ
is uniquely determined by the greatest common divisor (i0, n). Moreover, the
fusion numbers of φ (see Definition 3.5) uniquely determine the fusion of φ.
Proof. The first statement follows from the stabilizer calculation in the proof
of Proposition 4.8. Moreover, the fusion numbers Fφ,m are as follows (letting
k = n/(i0, n) as before):
Fφ,1 = 1
Fφ,k = p− 1
Fφ,2k =
(p−1)(p+1−k)
2k ,
and Fφ,m = 0 for all other m ≥ 1.
In particular, two representations θi, θi0 in Irr2(G) have the same fusion if
and only if (i, n) = (i0, n).
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4.5 Proof of Main Results
In view of the results proved in subsections 4.2, 4.3 and 4.4, to complete the
proofs of Theorems 4.2 and 4.3, it remains only to prove the one-to-one corre-
spondence for φ ∈ Ω:
Fusion of φ ! {ker(ψ) : ψ ∈ Irr2(G) is cohomologically maximal for φ}.
We note that for any 1 ≤ i < n2 , the kernel of θi is uniquely determined by
(i, n). Moreover, we have T (θi) =
{
θ2i if 2i <
n
2
θn−2i otherwise
Therefore, for n odd, the result follows since (i, n) = (i0, n) when T (θi) = θi0 .
In the case when n is even, let θi0 ∈ Ω, i.e. 1 ≤ i0 ≤
n
2 − 1 and i0 = 2d0 for
some d0. Moreover, T
−1(θi0) = {θd0 , θk−d0} for k =
n
2 . Therefore, for n even,
the result follows from the following lemma.
Lemma 4.10. Let n be even, k = n2 , and write n = 2
λ ·m, for some odd m.
Let θi0 ∈ Ω and write i0 = 2d0. Define a0 = (d0, k). Then {(d0, n), (k − d0, n)}
= {(a0, n), (k − a0, n)}. Moreover, (i0, n) = 2a0, (a0, n) = a0, and (k − a0, n) ∈
{a0, 2a0}
Proof. Suppose first that 2λ ∤ d0. Then (d0, n) | k, and hence (d0, n) = (d0, k) =
a0. If 2
λ−1 ∤ d0, then (k − d0, n) = (k − d0, k) = a0 = (k − a0, k) = (k − a0, n).
If 2λ−1 | d0, but 2
λ ∤ d0, then k − d0 and k − a0 are even, and so (k − d0, n) =
2(k − d0, k) = 2a0 = 2(k − a0, k) = (k − a0, n). On the other hand, if 2
λ | d0,
then 2λ ∤ (k − d0) but 2
λ−1 | (k − d0) and 2
λ−1 | (k − a0). Hence we can use
the above argument to obtain (d0, n) = (k − (k − d0), n) = 2(k − (k − d0), k) =
2(d0, k) = 2a0 = 2(k − a0, k) = (k − a0, n).
Thus, Theorems 4.2 and 4.3 are established. In particular, this proves part
a. of Theorem 1.1. Moreover, we have shown in Corollary 3.4 that for φ /∈ Ω,
R(Γ, V ) ∼= Zp, for all absolutely irreducible V . Therefore, to prove part b. of
Theorem 1.1, we consider D2n for n even. If n is either a power of 2 or equal
to 2q for some odd prime q, then φ /∈ Ω if and only if φ is faithful. Thus, if one
knows that R(Γ, V ) ∼= Zp, for all absolutely irreducible V , then it must be the
case that the fusion of N in Γ corresponds to (1, n) in the sense of Corollary 4.9.
On the other hand, if n is even, but not as above, then there must exist some
odd prime v such that θv /∈ Ω. But then θ1 and θv have different fusion, but
in both cases R(Γ, V ) ∼= Zp for all irreducible V . This, together with Theorems
4.2 and 4.3, completes the proof of Theorem 1.1.
4.6 Abelian Groups
In this subsection, we briefly discuss the case when Γ/N = G is an abelian group
and compare this case to the dihedral case discussed in subsections 4.1-4.5. In
other words, we consider a short exact sequence of groups
0→ N → Γ→ G = Γ/N → 1
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where G is finite abelian, and N is an elementary abelian p-group of rank two.
As before, we assume FpG is semisimple and Fp is sufficiently large for G. Let
V be an irreducible FpG-module viewed as an FpΓ-module via inflation. Let
φ denote the action of G on N . Since G is abelian, V is one-dimensional, and
φ splits into a direct sum of two one-dimensional representations. Let φ =
(θ1, θ2), where θi : G→ F
∗
p. We again analyze the extent to which the universal
deformation ring R(Γ, V ) can see the fusion of N in Γ. In contrast to the
dihedral case, if G is abelian, then R(Γ, V ) will only be able to detect some
information about fusion.
Proposition 4.11. Let G be abelian, and let V and φ be as above. Let {Fφ,m}m≥1
be the fusion numbers of φ.
a. The universal deformation ring R(Γ, V ) ∼= Zp if and only if Fφ,1 = 1 if
and only if both θ1 and θ2 are not trivial if and only if d
1
V = 0.
b. The universal deformation ring R(Γ, V ) ∼= Zp[Z/pZ] if and only if Fφ,1 = p
if and only if exactly one of θ1, θ2 is trivial if and only if d
1
V = 1.
c. The universal deformation ring R(Γ, V ) ∼= Zp[Z/pZ × Z/pZ] if and only
if Fφ,1 = p
2 if and only if both θ1, θ2 are trivial if and only if d
1
V = 2.
In the statement of the proposition, we have added brackets to the group
rings for clarity. The above proposition illustrates the extent to which fusion can
be detected by universal deformation rings in the case when G is abelian. Note
that Corollary 3.4 is not applicable, as φ is reducible. In contrast to the dihedral
case, we get no information by varying V , as both R(Γ, V ) and diV for i = 1, 2
are constant with respect to V . In the abelian case, while some information
about the fusion of N in Γ may be detected by the universal deformation ring
(and indeed the cohomology), it is simply too coarse to completely determine
the full fusion (compare with Theorems 1.1, 4.2, and 4.3). Instead, for any
absolutely irreducible V , R(Γ, V ) sees only the number of fusion orbits of size 1,
i.e. those elements of N which are not fused. Additionally, unlike the dihedral
case, the fusion numbers are not enough to determine the fusion.
Proof of Proposition 4.11. Let G be abelian, and let V and φ = (θ1, θ2) be
as above. We first determine the number of fusion orbits of size 1, i.e. Fφ,1.
Considering the action of φ on N = Fp × Fp, we see that Fφ,1 = p
j , where
j counts how many of θ1, θ2 are trivial. In particular, the fusion of N in Γ
depends on more than just Fφ,1.
Next, we determine diV , i = 1, 2. By Theorem 3.1 and Corollary 3.3, we
need to calculate (Vφ˜ ⊗ V
∗ ⊗ V )G and (Vdet◦(φ˜) ⊗ V
∗ ⊗ V )G. Since V is one-
dimensional, V ∗ ⊗ V is trivial, thus diV is independent of V for i = 1, 2. Since
φ = (θ1, θ2), d
1
V counts how many of θ1, θ2 are trivial. Also, d
2
V − d
1
V is 1 if
θ2 = θ1
−1, and is 0 otherwise.
Finally, we determine R(Γ, V ). Since G is abelian, it follows by [4, §1.4] that
R(Γ, V ) = Zp[Γ
ab,p], where Γab,p denotes the maximal abelian p-quotient of Γ.
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Since the order of G is relatively prime to p, Γab,p can only be the trivial group,
or Z/pZ, or Z/pZ × Z/pZ. Since d := d1V is minimal such that R(Γ, V ) is a
quotient of Zp[[t1, t2, ..., td]], it follows that:
a. d1V = 0 if and only if R(Γ, V ) = Zp,
b. d1V = 1 if and only if R(Γ, V ) = Zp[Z/pZ],
c. d1V = 2 if and only if R(Γ, V ) = Zp[Z/pZ× Z/pZ].
This completes the proof of Proposition 4.11.
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